Q: How to find a modular inverse?

Extended Fuclidean Algorithm (EEA): 1t calculates GCD of
two integers, say a and n; and in the case for which GCD(a, n) =
1, it can be used to find ¢ .

Let’s start with Euclidean Algorithm (EA), and how it can
be used to calculate GCD(a,b):

Let rg = a, and 1 = b be integers such that a > b > 0. If
we use successive division to obtain r; = 7j11gj41 + rj;2 with
0 < rjyo < 1rjq for j = 1,2,...,n —2 and 7,41 = 0, then
GCD(a, b) = rg. (the least non-zero remainder)

e.g. Suppose we want to find GCD(252,198).

252 = 1-198+ 54
198 = 3-54+ 36
54 = 1-36+18 — GCD(252,198) = 18
36 = 21840

O 75 7Tjy1 Gj+1 Tj2

0]252 198 1 54

11198 54 3 36
2| 54 36 1 18
31 36 18 2 0

- Extremely fast! O((log,a)?) bit operations.



It turns out that you can always write the GCD of two num-
bers as a linear combination of the two. For example 18 =
4-252—5-198.

Now, if GCD(a,n) = 1, then there exists integers = and y
such that ar + ny = 1. This implies that ax — 1 = ny or
nl(ar —1),or az =1 mod n (i.e. z =a™1).

One can use this fact to work backward in the Euclidean Al-
gorithm described above to find the the required linear relation-
ship (i.e. If GCD(a,n) = 1, work backward from last equation
in our EC algorithm to find the corresponding coefficients).

However, finding this linear combination can be easier and
more systematic, if we use the following theorem.

Theorem: Suppose a, b are two positive integers. Then
GCD(a,b) = spa+t,b forn=0,1,2,...

where s,,t, are the n'"term of the sequence defined recursively
by S) = 1,81 = 0,750 = O,tl =1 and Sj = Sj—2 — {j—-155-1, tj =

lji—2 — qj-1lj-1.



Example: Write GCD(252,198)=18 as a linear combination
of 252 and 198.

JI i Tiyl @ig1 Tit2 S; i

0]252 198 1 54 1 0

1198 54 3 36 0 1
2| 54 36 1 8 1 -1
3| 36 18 2 0 -3 4

sop=1 to =20
s1=20 t1 =1
So=8)—s1q1=1—0-1=1 to=ty—t1g1=0—1-1=-1
S3=81—82q2=0—1-3=-3 3=t —togp=1—(—1)-3=14
Sg=8 —833=1—(-3)-1=4 ty=ty—t3g3=—1—-4-1=-5

S18 =54-202414-198 =4-252 -5 198.



Example 2: How to find (101)™! mod 840

JI i Tiy1 @i+ Tit2  S; t

0840 101 8 32 1 0

11101 32 3 D 0 1
2132 5 6 2 41 -8
3| 5 2 2 1 -3 25
4| 2 1 2 0 19 -158

-41 341
§j = Sj-2 — (j-15j-1 tj=1tj2—qj-1tj1
Sp — 1 t() =0
S1 — 0 tl =1

So=so—q1s51=1—(8)(0) =1 to =ty —qit1 =0 — (8)(1) = -8
S3=81—@so=0—(3)(1)=—=3 tz3=1t; —q@to=1—(3)(—8) =25

s4= 82— @383 =1—(6)(=3) =19 t4 =1y — g3tz = (=8) — (6)(25) = —158
s5 = (—3) — (2)(19) = —41 ts = 25 — (2)(158) = 341



